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There are several examples of groups for which any pair of commutators can be
written such that both of them have a common entry, and one can look for a
similar property for n-tuples of commutators. Here we answer, for simple algebraic
groups over any field, the weaker question, under which condition the set of
n-tuples of commutators with one common entry is Zariski dense in the set of all
n-tuples of commutators. Surprisingly, there is a uniform bound on n in terms of
the so-called Coxeter number of G to answer the question positively. An analogue
result is proved for Lie algebras of simple and simply connected algebraic groups.
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1. INTRODUCTION
n Ž .Let G be an abstract group and let G G G n factors .
Further, let
 : GGnGnn
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be the map given by the formula
    g , g , . . . , g  g , g , . . . , g , g .Ž .Ž . Ž .n 1 n 1 n
 nWe say that the group G satisfies the property C if Im   G, G ,n n
 where G, G is the commutator subgroup of G; i.e., for every  , . . . ,  1 n
 nG, G , there exists a sequence g, g , . . . , g such that1 n
       g , g ,   g , g , . . . ,   g , g .1 1 2 2 n n
Ž   1 1 .We define g, h  ghg h .
The case n 1 is well known in group theory and has a long history. If
G is a finite simple group, then the question about the property C is the1
well-known Ore problem of whether any element in the commutator
subgroup of G is a single commutator, which is answered positively for
Ž .    simple alternating groups by O , for sporadic groups by NPC , and for
 finite simple Lie groups over fields with at least nine elements by EG . It
is also known that in general the answer is negative, even for groups like
Ž .  SL K THO, Theorem 1 , or for finite groups G including perfect finiten
 groups I .
The question for n 1 was posed several years ago by R. Keith Dennis
   C, Problem 14, p. 605 . In AD , it was shown, among other things, that the
Ž .Schur multiplier of the group SL  of the Hamilton quaternions  is1
generated by the image of the Schur multiplier of the commutative
subgroup of complex numbers of norm 1, a result which allowed one to
Ž .determine the group K  . In the proof, the property C for the group2 2
* played an important role, and it even turned out that this group, as well
as the multiplicative group of an arbitrary quaternion skew field, satisfies
C . The main idea for this is already contained in RS, Section 4, proof of3
4.1 .
Many years ago, R. Keith Dennis and Ulf Rehmann verified, by com-
Žputer with a special-purpose program written in the programming lan-
.guage C , that the alternating groups A with n 5, 6, 7, 8, 9, 10 satisfyn
C . It was also shown that A does not satisfy C . Nikolai Gordeev2 5 3
Ž .verified C for the group SL  by an explicit computation using the2 2
Bruhat decomposition of that group.
Here we look at the property C for a simple algebraic group G definedn
over a field K. It seems rather difficult to investigate the property C forn
Ž .the group G K of K-rational points even if K is algebraically closed. If K
is not algebraically closed, then the property C already is a problem for1
Ž .   Ž .G K . In THO , examples of elements in SL  are given which are inn
 the commutator subgroup but are not single commutators, and in KU
Ž  .there is an example of this type in some nonsplit group see also EG . We
restrict ourselves to a weaker conditionnamely, we say that a simple
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algebraic group G satisfies the property C if the map  is dominant; i.e.,n n
n nif the Zariski closure Im  of Im  in G coincides with G . Thus, then n
property C is the ‘‘property C up to Zariski closure.’’n n
The main result of this paper is the following theorem.
Ž .THEOREM 1. Let G be a simple algebraic group and let h h G be the
Coxeter number of the corresponding root system. Then G satisfies the property
C if and only if n h	 1.n
Remark 1. Recall that the Coxeter number h of a root system is the
Ž . Ž  .order of special elements of its Weyl group Coxeter elements see B . If




where T is a maximal torus of G. Thus, G satisfies the property C if andn
only if n dim Gdim T.
Remark 2. At the end of this paper, we show that  is a separablen
morphism if n h and that  is not separable if n h	 1 and if then
center of the corresponding Lie algebra is not trivial.
On the basis of Theorem 1, we could propose a conjecture about the
Ž .property C for groups of points G K . For example, we may suppose thatk
C implies C for such groups under the assumption that G is an1 h	1
adjoint group. Since the property C is satisfied by many quasi-split groups1
Ž  .of adjoint type see EG , we may suppose that the property C ish	1
Žsatisfied by such groups except possibly in the case where K is a small
. Ž .field . At any rate, there is a strong hope that all groups G K satisfy the
property C , where G is a group of adjoint type and K is an alge-h	1
braically closed field.
Our example after Remark 5 shows that C is satisfied by the groups3
GL and PGL over any quaternion skew field. Here the latter group is an1 1
anisotropic adjoint simple algebraic group, and we have dim PGL  3 and1
dim T 1 for any maximal torus T of PGL .1
An analogue of Theorem 1 for Lie algebras is the following result.
THEOREM 2. Let L be the Lie algebra of a simple and simply connected
algebraic group defined oer a field K and corresponding to an irreducible root
n Ž .system R. Let L  L
 
 L n summands and let
 : L
 Ln Lnn
be the map gien by the formula
 l , l , . . . , l  l , l , . . . , l , l .Ž . Ž .Ž .n 1 n 1 n
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Let R C , r 1, or char K 2. Then the map  is dominant if and onlyr n
Ž .if n h. Note that A  C , B  C . If R C , r 1 and char K 2,1 1 2 2 r
 n nthen the map  is a dominant map onto L, L  L for eery n.n
Remark 3. Theorem 2 can be considered an analogue of the property
C for simple algebraic groups. It is interesting that the bound forn
dominance in the case of Lie algebras is equal to h, while in the case of
groups it is h	 1.
Ž .For a simple abstract group G, the property C follows from the1
stronger condition that there exists a conjugacy class CG such that
2  4C  c c  c , c  C G. Indeed, if g C, then g is a real element;1 2 1 2
i.e., g is conjugate to g1 because 1 C 2. Hence every element of G can
be written as gxg1 x1 for some g C, and therefore G has property C .1
The conjecture about the existence of such a conjugacy class C is known
Ž  .as Thompson’s conjecture see AH . We can generalize this question in
the following way. We say that the group G satisfies the property T ifn
there exists an element gG such that for every sequence  , . . . ,  1 n
 G, G , there exist elements x, y , . . . , y G with1 n
  xgx1 y gy1 , . . . ,   xgx1 y gy1 .1 1 1 n n n
We can rewrite this condition in the following way. Let gG and let
f : GGnGnn , g
be the map given by the formula
f x , y , . . . , y  xgx1 y gy1 , . . . , xgx1 y gy1 .Ž .Ž . Ž .n , g 1 n 1 1 n n
 nThen the group G satisfies the property T if Im f  G, G for somen n, g
gG. Obviously, T implies C .n n
Now let G be a simple algebraic group defined over a field K and let
Ž . ngG K . Then the map f is a morphism of K-varieties GG andn, g
nG . We can define a property T in the same way as the property C .n n
Namely, we say that G satisfies the property T if f is a dominant mapn n, g
Ž .for some gG K . Here we prove that a simple algebraic group G
satisfies the property T if and only if n h, where h is the Coxetern
number.
Ž .Actually, we prove a more general result. Let g g, g , . . . , g ˜ 1 n
n	1Ž .G K and let
f : Gn	1Gnn , g˜
be the map defined by the formula
f x , y , . . . , y  xgx1 y g y1 , . . . , xgx1 y g y1 .Ž .Ž . Ž .n , g 1 n 1 1 1 n n n˜
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THEOREM 3. Let G be a simple algebraic group defined oer a field K and
Ž .let g, g , . . . , g G K be a sequence of semisimple regular elements. Then1 n
the map f is dominant if and only if n h, where h is the Coxeter numbern, g˜
of G.
Remark 4. This theorem shows the bound for the property T . Thisn
bound is the Coxeter number h, and it is the same as the corresponding
bound in Theorem 2 for Lie algebras but is smaller than the bound h	 1
for the property C in Theorem 1.n
Remark 5. The property T does not imply the property C , because ann n
element g can be nonreal. However, in Theorem 3 we can take a real
element g or g  g    g  g1.1 2 n
An Example
Ž . Ž .The groups GL K and PGL K associated with a quaternion1, D 1, D
skew field D over a field K satisfy C .3
This fact was observed, for GL by R. Alperin and R. K. Dennis, as1, D
well as by Ulf Rehmann many years ago. Some ideas concerning the proof
 can be found for the case of the real Hamilton quaternions in AD and for
 general fields K in RS .
Proof. Let D be some quaternion skew field over some field K of any
characteristic. The case where char K 2 is very well known; the case
char K 2 is classical as well. For a uniform discussion, refer to KMRT,
  Chapter I, Section 2, 2.C, p. 25 ff. or KR, p. 52 .
Ž .We fix some notation. Let x x xD denote the canonical involu-
tion of D. The reduced trace T: D K is a K-linear map obtained by
Ž .T x  x	 x. The reduced norm N: D K is a quadratic form on the
Ž .four-dimensional K-vector space D given by N x  xx. Its associated
Ž . Ž . Ž . Ž . Ž .bilinear form is given by x, y N x	 y N x N y  T xy . From
 the explicit formula in KMRT, l.c. it is easily checked that this bilinear
form is nondegenerate.
 Hence, for any three elements x  D*, D* , i 1, 2, 3, the orthogonali
Ž .complements of the three subspaces K 1 x of D are three dimensionali
and therefore have a nontrivial intersection. If w is a nonzero element of
Ž . Ž Ž ..this intersection, this means that 0 w, 1 x  T w 1 x , and hencei i
Ž . Ž . Ž . Ž . Ž .T w  T wx . But we also have N w N wx , since N x  1.i i i
It follows that the minimal polynomials of w and of all three elements
Ž . Ž .wx coincide. Thus the K-subalgebras K w and K wx of D are pairwisei i
 K-isomorphic, and the theorem of SkolemNoether VDW, p. 105 yields
  1  1  the existence of x D* such that x wx  wx , and hence x  w , xi i i i i i
for i 1, 2, 3. This proves the statement for GL .1, D
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To handle the case of PGL , we observe that we have an exact1, D
sequence of linear algebraic K-groups,
0 GL  PGL  0,m 1, D 1, D
where  is the multiplicative group over K , which is mapped to them
 center of GL . This yields, by S, Chapter I, Proposition 43, p. I-71 , a1, D
long exact Galois-cohomology sequence,
0 K GL K  PGL K H1 K ,   .Ž . Ž . Ž . Ž .m 1, D 1, D m
  1Ž .By S, Chapter II, Proposition 1, p. II-3 , we have H K ,  0 andm
Ž . Ž .hence the map GL K  PGL K is surjective. Given three com-1, D 1, D
  Ž .mutators, x , y , i 1, 2, 3 from PGL K , we may lift their entries xi i 1, D i
Ž .and y to preimages x , y GL K . By the preceding result, we find˜ ˜i i i 1, D
Ž .    that w, g GL K such that w, g  x , y , and mapping this down˜ ˜ ˜ ˜ ˜ ˜i 1, D i i i
Ž .to PGL K , we obtain what we want. We remark that, by centrality, the1, D
  Ž .commutators x , y in GL K do not depend on the choice of the˜ ˜i i 1, D
liftings, but we do not need that here.
An Application
Ž .If C is satisfied by some abstract group G, then there is an easy2
 description of its Schur multiplier. By a result of MI , the Schur multiplier
Ž . Ž .H G, of G can be described as follows. Let U G denote the group2
Ž .generated by symbols c x, y , x, yG subject to just the ‘‘formal commu-
tator relations’’ which are generated by
 Ž . Ž . Ž .c x, x  1, c x, y c y, x  1

x xŽ . Ž . Ž .c y, z c x, z  c xy, z

x xŽ . Ž . Ž  .c y, z c z, x  c x, y, z .
x 1 Ž .  Here y xyx . Then the map induced by c x, y  x, y is a central
  Ž .extension of G, G , and its kernel is canonically isomorphic to H G, ,2
so that we have an exact sequence
0H G , U G GH G ,  0.Ž . Ž . Ž .2 1
Ž .It is known that in the case where G is perfect, U G is the universal
 central extension of G G, G . We mention here the following fact:
If G satisfies C , then the Schur multiplier is generated by all elements2
Ž . Ž .    c x, y c x, y such that x, y  y, x .
That is, the Schur multiplier is generated by relations induced from
Ž .Abelian subgroups of G these are the length 1 relators and from relators
Žof length 2. In many cases e.g., for the group of invertible elements of
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  Ž .quaternions AD, RS , and also for SL K and other almost simple splitn
.linear groups , it is even true that the relators of length 1 are sufficient to
generate the Schur multiplier, and so the length 2 relations are not
necessary. This follows directly from Matsumoto’s theorem on the presen-
Ž .   Ž .tation of K K by symbols M . Analogous results hold also for SL D ,2 n
 n 2, for any skew field D over K R1, R2 , and for KacMoody groups
 MR .
The aforementioned fact is proved as follows. Let x , y , i 1, . . . , n bei i
   elements in G such that x , y  x , y  1. By C , we may find1 1 n n 2
       elements u,  , zG such that x , y  u, z and x , y  z,  .n1 n1 n n
    1 1 From the foregoing relations, we obtain u, z z,   u , z .
Ž . Ž . Ž .That is, any element c x , y  c x , y H G, can be replaced,1 1 n n 2
Ž .modulo products of length at most 2, in H G, by a product of length2
n 1. An induction now gives the result.
2. NOTATION AND TERMINOLOGY
2.1
R denotes an irreducible root system generated by a simple root system
 4 	 , 	 , . . . , 	 .1 2 n
Ž .WW R is the Weyl group of R.
w W is the reflection corresponding to 	 R.	
w  w w  w is a fixed Coxeter element of W.c 	 	 	1 2 n
² :  
 w ; h 
 is the Coxeter number of R.c
2.2
G denotes a simple algebraic group defined over the field K corre-
sponding to the system R.
Ž .TG is a maximal torus also defined over K ; we identify the set R
with a subset of characters of T , and for our purposes we may assume that
T and hence G is split over K ; that is, all characters are defined over K.
N is the normalizer of T in G; thus NTW. We let w denote an˙
element of N with the image wW.
Ž .B is a Borel subgroup of G below we assume T B .
 , f , f are the functions defined in Section 1.n n, g n, g˜
Ž .An element gG is called regular if dim C g  dim T.G
2.3
L denotes the Lie algebra of a simple and simply connected algebraic
group G defined over a field K and corresponding to the root system R.
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If K is an algebraically closed field, then LH	U is a Cartan
decomposition where H is a Cartan subalgebra and
U U ,Ý 	
	R
where U is the one-dimensional subspace of L corresponding to a root	
	 R. Since G is simply connected, one can chose a Chevalley basis
 4 Ž  .  4  4h , . . . , h , u of L see St1 , where h is a basis of H and u is a	 	 	 	 	1 r i   basis of U. Note that for every k 1, . . . , r, we have h  u , u St1,	 	 	k k kLemma 2 . Further, for every root 	 R, one can define
 h  u , u .	 	 	
Ž . Ž . Ž .The adjoint action of G K on L is denoted by g l , where gG K ,
l L. We assume that LT H, where LT denotes the invariant elements
Ž .of L under the adjoint T-action.
Ž . Ž .A semisimple element l L is called regular if dim C l  dim C H .L L
2.4
Let f : X Y be a morphism of irreducible affine k-varieties. We say
   that f is dominant if the comorphism f *: K Y  K X is an injection.
Ž .Obviously, this is equivalent to the condition f X K  Y K , where KŽ .Ž .
is the algebraic closure of K and f X K is the Zariski closure ofŽ .Ž .
Ž Ž .. Ž .f X K in Y K .
Thus we may assume in the proofs of Theorems 1, 2, and 3 that K is an
algebraically closed field. Also, it is sufficient to prove Theorems 1 and 3
for the cases where G is a simply connected group.
In what follows we suppose that K is algebraically closed and G is
simply connected. From the context, it will be clear that some of the
statements hold under weaker assumptions, e.g., in the case where G is
split over K or in the case where K is sufficiently large.
3. SOME TECHNICAL RESULTS
3.1
Let
R S  S   S1 2 r
be the decomposition of R into the union of 
-orbits. Then r rank R,
and there exists a sequence of representatives
  S ,   S , . . . ,   S ,1 1 2 2 r r
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Ž .  which is a basis of the group Q R B, IV, 21, Proposition 33, p. 170 .
Ž Ž . .Recall that Q R is the lattice generated by the roots.
The roots  , . . . ,  are defined as1 r
  w w  w 	 1Ž . Ž .i 	 	 	 ir r1 i	1
Ž  .see B, 1.c. , and we have
  0i
 for every i 1, . . . , r. Moreover, in St2, Lemma 7.2.c, p. 298 it is proved
that  	   R for every i, j. The following lemma is proved by the samei j
Ž   .arguments which was essentially done in St2 as well :
LEMMA 1. Let k , . . . , k be nonnegatie integers such that k 	 	1 r 1
k  1. Thenr
 k  	 	k   R .1 1 r r
 4 Ž .Proof. Let imax m  k  0 . From 1 , we havem
  w w  w  k 	 	 k 	Ž .	 	 	 i i i1 i1i i	1 r
	 k w w  w 	Ž .Ý j 	 	 	 ji1 i2 j	1
ji1
Ž .Applying 1 to the irreducible root system generated by roots
 4	 , . . . , 	 , we get1 i1
w w  w 	  l 	 ,Ž . Ý	 	 	 j ssi1 i2 j	1
si1
Ž Ž . .where l  0 for every s i 1. Indeed, all  in 1 are positive. Nowis
we have
 k 	 	 m 	 ,Ýi i s s
si1
 4where m  0 for every s i 1. Since 	 , . . . , 	 is a simple roots 1 i
system, the vector   belongs to R only if m m   m  0 and1 2 i1
k  1. But in this case k  0 for every j i, and therefore, k 	 	ki j 1 r
 1. This contradicts the condition of the lemma.
3.2
 4LEMMA 2. h , . . . , h is a basis of H. 1 r
 4Proof. If r 1, then   	 and h is a basis of H. Suppose1 1 	1
that our assertion holds for root systems of rank  r. Let  1
Ž . Ž . Ž .w  , . . . ,   w  . It follows from 1 that  , . . . ,  belong to	 1 r1 	 r1 1 r1r r
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 4the root system generated by 	 , . . . , 	 . Moreover, the elements1 r1
 , . . . ,  are defined in the same way as  , . . . ,  for the root system1 r1 1 r
 4R. Therefore, the assumption of the induction implies that h , . . . , h 1 r1
 4is a basis of the subspace HH generated by h , . . . , h . Further,	 	1 r1
Ž . Ž .  	 and   w   w 	 	 . Hence h h . Thus,r r r 	 r 	 r r  	r r r r
 4 Ž .h , . . . , h , h is a basis of H. But h  w h , and therefore    	 1 r1 r i r i
 4h , . . . , h is also a basis of H. 1 r
3.3. For every reflection w W, we can find a preimage w N such˙	 	
Ž .  Ž .that w u u for every root  R St1, Lemma 19, a . Now we	˙  w Ž  .	
fix such preimages w and put	˙
w  w w  w .˙ ˙ ˙ ˙c 	 	 	1 2 r
Ž . Ž . Ž .Let x s  exp su G K be the corresponding root element where	 	
s K. Put
 x 1 x 1  x 1 ,   w j1 wj	1 for i 1, . . . , h. 2Ž . Ž . Ž . Ž .˙ ˙   j c c1 2 r
Further, put
  w j1 wj	1 for i 1, . . . , h. 3Ž .i j c i c
Ž . Ž . Ž .LEMMA 3.  u 	 0 mod U if m j and  u 	hm  j  i j i j i j
Ž .mod U .
Ž .Proof. Let gG K . From the definition of w , we have˙c
w g u  w gw1 u 4Ž . Ž .Ž .˙ ˙ ˙ Ž .c 	 c c w Ž	 .c
Ž . Ž .for every 	 R. Moreover, w U U and w 0  0. Acting on both˙ ˙c c
Ž . Ž .sides of the congruences by an appropriate power of w and using 2 , 3 ,˙c
Ž .and 4 , we can get the equivalent congruences
 u 	 0 mod U for j 1Ž .Ž .1  i j
and
 u 	h mod U . 5Ž . Ž . Ž .1  i1 i1
Ž .Thus, it is sufficient to prove 5 .
Let  ,  R. If  , then
x 1 u  u 	 l u , 6Ž . Ž . Ž .Ý   	ii
	iR
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where l  K andi
x 1 u  u  h 
 u . 7Ž . Ž . Ž .    
Ž . Ž .  Equations 6 and 7 follow from St1, Lemma 72, p. 209 .
Further, if k , . . . , k are nonnegative integers, then for every i 1, . . . , r1 r
and for every  R, the equality
 	 k  	 	k i 1 1 r r
is possible only for k  k    k  0. This follows from Lemma 1.1 2 r
For  R, put
 4M  	 k  	 	k   R  k  0, k 	 k 	 	k  1 . 1 1 r r i 1 2 r
Thus, for every i 1, . . . , r, the set M does not contain the root  . i
² :Let   , where j 1. Since the group 
 w acts freely on thei j c

-orbits S , . . . , S , we have   , . . . ,  . From the definition   1 r 1 r 1
Ž .and 6 , we get
 u  u 	 l u , 8Ž . Ž .Ý1   		
	M
where l  K.	
 4 Ž . Ž .Let     and M   , i 1, . . . , h . From 6 and 7 , wei1 i  i
obtain
 u  u  h 	 l u , 9Ž . Ž .Ý1    		
	M M 
Ž . Ž . Ž .where l  K. Now 8 and 9 imply 5 .	
3.4
˜ hWe define the subspace U of L  L
 
 L by  
h-times
U˜  u 	 u ,  u 	 u , . . . ,  u 	 u  u , u U . 4Ž . Ž . Ž .Ž .1 1 2 2 h h i
˜ hLEMMA 4. U L .
Proof. Obviously,
h ˜U  U
 
U U.  
h-times
h h h h ˜Since H 	U  L , we have to prove H U. Let u u . By Lemma i j
Ž . Ž .3, we have  u U if m j and  u h 	 u for some uU.m j  i j
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Thus, for every i, j, the element
0, 0, . . . , h , 0, . . . , 0 10Ž .Ž . i j
˜ Ž .belongs to U. Since h , . . . , h is a basis of H Lemma 2 , the sequence 1 r
h , h , . . . , h is also a basis of H, and therefore, the set of r h  1 j 2 j r j hŽ .elements of the form 10 is a basis of H .
Now let us fix the sequence of elements   T T , . . . ,   T T and1 1 h h
define
U˜   1 l 	 u , . . . ,   1 l 	 u  l L, u U . 4Ž . Ž . Ž . Ž . .1 1 h h i
The same arguments as in the proof of Lemma 4 give
˜ hLEMMA 5. U L .
3.5
Now we formulate an analogue for Lemma 4 for the action of Lie
algebra on itself. Namely, let
y u 	 u 	 	u  1 2 r
and
y  y , y  w y , . . . , y  w h1 y .Ž . Ž .1 2 c h c
˜We define, similarly to U, the set
ˆ    U l , y 	 u , . . . , l , y 	 u  l L, u U . 41 1 h h i
It is easy to see that the congruences of Lemma 3 also hold if we use the
elements y and y instead of  and  . Thus, the same arguments as inm j m j
the proof of Lemma 4 give
ˆ hLEMMA 6. U L .
3.6
LEMMA 7. 1. Assume that char K 2 if R C , r 1. Then therer
Ž .exists an element hH such that C h H.L
2. Let R C , r 1 and char K 2. Further, let R be the set of allr l
long roots of R. Then there exists an element hH such that
C h  C H  H	 U .Ž . Ž . ÝL L 	½ 5
	R l
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Proof. 1. If char K 2 or R C , then for every root 	H, ther
corresponding linear function 	 : H K is not trivial. Since K is an
algebraically closed field, it is infinite, and therefore the set
H  Ker 	ž /
	R
is not empty.
2. If R	 C and char K 2, then a map 	 : H K , 	 R isr
trivial if and only if 	 R . Thus we can get the assertion in the same wayl
as before.
4. PROOF OF THEOREM 2
Let char K 2 if R C , r 1. Obviously, if  is dominant, thenr n
 , , . . . , is also dominant. Thus we have to prove that  is1 2 n1 h
Ž . ndominant but  is not. Let l , l , . . . , l  L
 L . Assume thath	1 1 n
lH is a regular element. Since for every regular element hH we
  Ž .have h, L U Lemma 7 , then for every regular element lH there
exist l , . . . , l  L such that1 n
         l, l  l , l , . . . , l, l  l , l . 11Ž .1 1 n n
Ž .  Further, in 11 we can replace every element l by l 	 x , where x is ani i i i
element of the centralizer of l, i.e., an element of H. Thus, the dimension
1Ž ŽŽ ... Ž .of the fiber   l, l , . . . , l  n	 1 dim H, and therefore,n n 1 n
dim1  l , l , . . . , l  h	 2 rank L dim L 12Ž . Ž .Ž .Ž .Ž .h	1 h	1 1 h	1
Ž Ž . .recall that dim L h	 1 rank L . Since the set of regular semisimple
Ž .elements is dense in L, the inequality 12 holds for a ‘‘generic fiber’’ of
 . Henceh	1
dim Im   dim Lh	1 ,h	1
and therefore  cannot be dominant.h	1
Ž . Ž . hNow consider  . Let a a , . . . , a , b a, a , . . . , a  L
 L be˜h 1 h 1 h
Ž . hfixed points and let c b  L . Consider the differential d  of h b h h
at the point b,
d  : T  T ,b h b c
where T and T are the corresponding tangent spaces. We identify Tb c b
with L
 Lh and T with Lh. Then we havec
d  : L
 Lh Lhb h
and
 h   Im d   a, L 	 L, a . 13Ž .˜b h
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Here we used the rules for the differential of the map  at the pointh
Ž .  Ž .    b a, a in the following sense: d x, y l , l  a, l 	 l , a ,˜ Ža, a . 1 2 2 1 ii
where x, y L are variables and l and l are elements in the tangent1 2
space T , T of L at the points a and a , which we identify with L.a a ii
Let aH be a regular element and let a  y , . . . , a  y be the1 1 h h
 h  h Ž .sequence defined in Section 3.5. We have a, L U Lemma 7 , and
therefore,
 h   a, L 	 L, a˜
 l , y 	 u , l , y 	 u , . . . , l , y 	 u  l L, Ž .1 1 2 2 h h
ˆu U U.4i
By Lemma 6,
 h    ha, L 	 L, a  L˜
for these particular a and a. Hence there exists a point b L
 Lh where˜
the rank of differential is equal dim LH, and therefore it holds for points
from some open subset X L
 Lh. We can find a point x X such that
hŽ . x is a regular point of  L
 L . Since the tangent space at theŽ .h h
h h hŽ .point  x has rank dim L , we have dim L
 L  dim L .Ž .h h
Let R C , r 1 and char K 2. Denote by R the set of all shortr sh
roots in R. It is easy to check that
 L, L H	 U .Ý 	
	R sh
Further, let
l h	 u ,Ý 
	R l
Ž . Ž .where hH is an element satisfying the condition C h  C HL L
Ž .  Lemma 7 and u are elements of the Chevalley basis. We have l, L 
  Ž .L, L . This can be checked using the definition of h, l and Lemma 7.
This implies our assertion.
Theorem 2 has been proved.
5. PROOF OF THEOREM 3
Let C and C be the conjugacy classes of the regular semisimpleg g i
elements g and g . Then dim C  dim C  dim G rank G. We as-i g g i
sume that n 1 and define the subset of Gn,
M  gy g y1 , . . . , gy g y1  y G . 4Ž .n , g 1 1 1 n n n i˜
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Ž .Obviously, dim M  n dim C  n dim G rank G and GM n, g g n, g˜ ˜
Ž 1 1. Ž . 4xm x , . . . , xm x  m , . . . , m M  Im f . Since a ‘‘generic1 n 1 n n, g n, g˜ ˜
Ž . Ž .point’’ mM has a stabilizer which is equal to Z G because n 1n, g˜
Ž .and dim M Gm  rank G, we haven, g˜
dim GM  n dim G rank G 	 dim G rank GŽ . Ž .n , g
 n dim G	 dim G n	 1 rank G . 14Ž . Ž .Ž .
n Ž . Ž .If Im f G , then 14 implies n	 1 rank G dim G and thereforen , g˜
n h.
nNow we prove that inequality n h implies Im f G . Obviously, itn , g˜
is sufficient to prove this for n h.
We may assume that g, g , . . . , g  T. We also may assume that1 h
1 1Ž .g g  , . . . , g g  is a regular point of Im f for some1 1 1 h h h n , g˜
Ž . Ž . , . . . ,  G K . Moreover, the set of such sequences  , . . . , 1 h 1 h
contains a nonempty open set of Gh. Put
s   g 1 , . . . , s   g 11 1 1 1 h h h h
and consider the map
 : GGhGh
given by the formula
 x , y , . . . , y  xgx1 y s y1s1 g1 , . . . , xgx1 y s y1s1 g1 .Ž . Ž .1 h 1 1 1 1 h h h h
The definitions of  and s , . . . , s imply that1 h
dim Im  dim Im f . 15Ž .h , g˜
ŽŽ ..Moreover,  1, . . . , 1 is a regular point of Im . Indeed, Im 
Ž . Ž 1 1 1 1.Im f s, where s s g , . . . , s g . The differential d at theh, g 1 h˜
Ž .point 1, . . . , 1 gives the linear map
d : L Lh Lh ,
which is
d l , l , . . . , lŽ .Ž .1 h
 1 g l	 g 1 s l , . . . , 1 g l	 g 1 s l . Ž . Ž . Ž . Ž . Ž .Ž .1 h1 1
Ž .This follows from the standard formulas for differentials.
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Now we want to prove that for some sequence s , . . . , s defined earlier,1 h
Im d Lh . 16Ž .
Ž . Ž .Then 16 with 15 give us our statement.
Since g T is a regular element, we get
1 g LU. 17Ž . Ž .
Further,
g 1 s L g 1 s g1 gL 1 gs g1 gL 1 gs g1 L. 18Ž . Ž . Ž .Ž . Ž .i i i i
Recall that s   g 1 and g  T. Since g is a regular element of T ,i i i i i i
1 g LU. 19Ž . Ž .i
Ž . Ž . Ž .Put   g . Then 17 , 18 , and 19 implyi i
g 1 s L 1  g 1 LŽ . Ž .i i i i
  1 g 1L  1 g L  U . 20Ž . Ž . Ž . Ž .i i i i i i
Ž . Ž . Ž .From  , 17 , and 20 we obtain
Im d u	  u , . . . , u	  u  u U . 4Ž . Ž .Ž .1 1 h h i
Ž .Put   , . . . ,  . Then1 h
1 Im d  1 u 	 u , . . . , 1 u 	 u  u U . 21Ž . Ž . Ž . Ž . 4Ž .1 1 h h i




 u , u , . . . , u   u 	 u , . . . ,  u 	 u .Ž . Ž . Ž .Ž . Ž . 1 h 1 1 h h
The set of G h such that dim Im   dim Lh is closed in Gh. Byr
h Ž .Lemma 4, Im   L , where    , . . . ,  . Hence the set 0 1 h
X G h  Im   Lh 4
h is a nonempty open subset of G . Further, the set of sequences Y 
Ž . h4 Ž 1 1. , . . . ,  G , such that g g  , . . . , g g  is a regular point1 h 1 1 1 h h g
h 1 1 1of Im f , contains a nonempty open subset of G . Since    g ,h , g i i˜
we find an element
1  X Y1 g1 . 22Ž .
Ž . Ž . Ž .Now from 21 and 22 , we get 16 .
Theorem 3 has been proved.
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6. PROOF OF THEOREM 1
Obviously, the property C implies the property C . Thus we have ton n1
prove C for the group G and need to show that C does not hold forh	1 h	2
G. The latter follows from the inequality
dim 1  g , g , . . . , gŽ .Ž .Ž .h	2 h	2 1 h	2
 h	 2 dim C gŽ . Ž .Ž .G
 h	 2 rank G h	 1 rank G dim G.Ž . Ž .
Now we prove the property C for the group G. Recall that weh	1
assume that G is simply connected.
Ž .LEMMA 8. Let  , . . . ,  be the sequence defined in 2 . Then for eery1 h
regular element t T and for eery i 1, . . . , h, there exists an element t  Ti
such that
1t , t  t   .i i i i
Moreoer, for eery regular t, there is only a finite number of such t .i
Proof. Obviously, it is sufficient to prove the statement for only    .1
Ž .Since t is a regular element,  t  1 for every j 1, . . . , r. Putj
1
   t  1 . 23Ž . Ž .Ž .j j
Further, there exists an element t  T such that1
 t  24Ž . Ž .j 1 j
for every j. Indeed, every element x T can be presented in the form
Ž . Ž . Ž .x h x , . . . , h x , where x  K * and h x is the corresponding	 1 	 r i 	 i1 r i semisimple element of the 	 -root subgroup St1, Lemma 28 . The systemi
Ž .of equations  x  can be written in the formj j
r
nŽk , j.x  , 25Ž .Ł k j
k1
Ž . Ž . Ž .where n k, j  2 	 ,   	 , 	 . Since  , . . . ,  is a basis of the groupk j k k 1 r
Ž . Ž .4Q R , the matrix 	 ,  has rank r. Hence the matrixk j 1 k r , 1 j r
 Ž .4 Ž .n k, j also has rank r. Thus we can find the solution of 25 which
Ž .gives us the element t  T satisfying 24 .1
Ž .From 24 ,
t  t1  x  . . . x  . 26Ž . Ž . Ž .1 1 1  1  r1 r
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 1  Ž . Ž .Now t, t  t    follows from 23 , 26 , and the Chevalley com-1 1 1
Žmutator formula. Note that by Lemma 1, the sum  	  is not a root fori j
Ž . Ž . Ž . Ž . .every i, j, and therefore x a x b  x b x a for every a, b. On the   i j j i
Ž .other hand, the commutator equation for t implies 26 , which in turn1
Ž . Ž . Žleads us to 25 . Since 25 has only a finite number of solutions because
 4 .the rank of the matrix n is equal to r , we obtain that only finitelyk , j
many t are possible.1
Let
1 1 1X t , t  t , . . . , t  t  t , t  T , t , t  t   Ž .1 1 1 h h h i i i i i
for every i 1, . . . , h .4
The set X is a constructible subset of Gh	1. Indeed, X is the image of a
h	1 Ž .closed subset of T which is defined by commutator equations under
the morphism
t , t , . . . , t  t , t  t1 , . . . , t  t1 .Ž . Ž .1 h 1 1 1 h h h
Let X be an irreducible component of X such that dim X  dim X.0 0
Lemma 8 implies dim X dim T rank G. Hence
dim X  rank G. 27Ž .0
Moreover, Lemma 8 implies that the projection of X on the first0
coordinate contains an open subset of T.
Ž h. h	1Further, let 1, T be the subset of T consisting of the elements
Ž h.which have the first coordinate 1. Then we consider 1, T as a subset of
Gh	1 and put
Y X 1, T h  t , t  t1 t , . . . , t  t1 t  t , t , t T . 28Ž . Ž . 4Ž .0 1 1 1 1 h h h h i i
Ž Ž .Note that the elements t in 28 depend on the first coordinate t, whilei
 .elements t run independently through the set T. Since X is an irre-i 0
h	1 Ž .ducible locally closed subset of G , this holds also for Y and 27 and
Ž .28 imply that
h	1dim Y rank G  dim G. 29Ž . Ž .
Ž .Further, the definition of the set X and 28 imply that0
Y 1  , . . . ,  . 30Ž . Ž .Ž .h 1 h
LEMMA 9. The Zariski closure Y of the set Y coincides with an irreducible
1ŽŽ ..component of the preimage   , . . . ,  .1 h
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Ž . 1  Ž Ž ..Proof. Let y t, d , . . . , d  Y, where d  t  t t see 28 . Con-1 h i i i i i
sider the map
 : Gh	1Ghy
given by the formula
        x , x , . . . , x  xt , x d d , t , . . . , xt , x d d , t .Ž .Ž . Ž .y 1 h 1 1 1 h h h
Ž .The differential of  at the point 1, . . . , 1 gives the linear mapy
d  : Lh	1 Lh .Ž .y
This map can be easily calculated using usual differentiation formulas.
Namely, writing the first component as
x , x  xt x d t1 x1d1 x1d td1 t1 ,Ž . Ž .Ž .1 1 1 1 1 1 1
we obtain for its differential
l , l  l	 t l 	 d t1 l d1 lŽ . Ž .Ž .Ž .Ž .1 1 1 1 1
 1 td t1 l 	 t 1 d t1d1 l ,Ž . Ž .Ž . Ž .1 1 1 1
and therefore, for the whole map,
d  l , l , . . . , lŽ . Ž .Ž .y 1 h
 1 td t1 l 	 t 1 d t1d1 l , . . . , 1 td t1 lŽ . Ž . Ž .Ž . Ž . Ž .Ž 1 1 1 1 h
	t 1 d t1d1 l .Ž .Ž . .h h h
Ž Ž . Ž . . ŽRecall that for gG and l L, we write g l for ad g l . Put u  1i
1 . 1Ž . 1Ž .t d l , l t l . Then u U. Applying the invertible linear opera-i i i
Ž 1 1 1 1. Ž .tor d t , . . . , d t to the image of d  , we get the linear space1 h y
d1  1 l 	 u , . . . , d1  1 l 	u  l L, u U ,Ž . Ž . . 4Ž . Ž .1 1 h h i
which, according to Lemma 5, coincides with Lh. Thus the differential of
Ž . hthe map  at the point 1, . . . , 1 has rank dim L . Note that the mapy
 is the composition of two translations and the map  . This implies thaty h
the differential of  at the point y also is of rank dim Lh. According toh
Ž .Theorem 3, the map  is dominant. Hence  y is a regular point ofh h
hIm  G . Since the rank of the differential of  at the point y is equalh h
to dim Lh  dim Gh, there exists an irreducible component Y  of the
1Ž Ž ..preimage   y such that y Y  and dim Y  dim G. We mayh h
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assume that a point y belongs only to those irreducible components of
1Ž Ž .. 1Ž .  y    , . . . ,  which contain the whole set Y. Thus weh h h 1 h
Ž .obtain Y Y , and our statement follows from 29 .
LEMMA 10. Let Y   G h	1 be an irreducible component of
1ŽŽ ..  , . . . ,  which is the closure of the set Y. Then the projection of Y h 1 h
to the first component of Gh	1 is contained in T.
Proof. Let p : Gh	1G be the corresponding projection. Since Y1
Ž .Y , the set p Y  contains an open subset of T. This follows from the1
definition of Y. Further, the set p Y  is an irreducible closed subset ofŽ .1
Žthe dimension rank G. The latter follows from the definitions of Y and
.Y . Hence this set coincides with T.
  ŽNow let t T be a regular element, let s t, w recall that w is ac c
. 1 ŽŽ ..fixed Coxeter element , and let M    , . . . ,  , s . We want tos h	1 1 h
chose the element t satisfying the following conditions:
Ž .I. Let Y  be as in Lemma 10. There exists an element t, d , . . . , d1 h
 Y  which does not belong to any other irreducible component of
1ŽŽ ..  , . . . ,  .h 1 h
 II. The set of all elements gG such that t, g  s consists only of
elements of the form w t, where t runs through T.c
Suppose that we find an element t satisfying conditions I and II. Put
z t , d , . . . , d , w .Ž .1 h c
From the definition of t, s, we get the inclusion zM . Let M Let Ms s z s z
be an irreducible component of M containing the element z. Further, lets
h	2 h	2 h	1 Ž .P P : G G be the projection to the first h	 1 compo-h	1
Ž . 1ŽŽ ..nents. Then P M    , . . . ,  . Since the set M is irreducible,s z h 1 h s z
Ž .the set P M is also irreducible and I implies that P M is containedŽ .s z s z
1ŽŽ ..only in the irreducible component Y  of   , . . . ,  . Since w is ah 1 h c
Coxeter element, only a finite number of t T satisfy the condition
 t, w  s. Together with Lemma 10, this implies thatc
P M  t , a , . . . , a  Y . 31 4Ž . Ž . Ž .s z 1 h
Here t is a fixed element from the torus T , but the elements a runi
through the sets of elements of the form t  g1 t; see the definition of Y.i i i
Ž .From 31 and the definition of Y, we get
hdim P M  rank G .Ž . Ž .s z
Further, II implies that the dimension of every fiber of the projection
Ž . Ž .h	1M  P M has dimension rank G. Hence dim M  rank G s z s z s z
dim G. Thus we find an irreducible component of a preimage of a point in
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Gh	1 with respect to the map  which has dimension dim G. There-h	1
fore, the dimension of the image of  has the dimension dim Gh	1.h	1
This gives our assertion.
Now we must prove the existence of a regular element t T satisfying
conditions I and II. We can choose a point of Y which does not belong to
1ŽŽ ..other irreducible components of   , . . . ,  and which has a regularh 1 h
element t T as its first coordinate. This follows from the definition of Y
and Lemma 10. Thus we have I.
 Now we show II for a chosen t. Let t, g  s for some gG. Then
Žg BwB for some wW. Hence gwtu, where  , uU here U is
Ž  .the product of all positive root subgroups see St1 and t T. We may
assume that in u, only those factors u from root subgroups are nontrivial	
1  Ž which have the property wu w U here U is the product of all	
. Ž  .negative root subgroups St1 , Theorem 4, page 35 .
Consider the equality
1 11 1 1 1 1 1 1 1 t , g  twtut u t w   t wtut u t w   s.Ž . Ž .Ž .
The expression in brackets lies in the group B TU. This follows from
the choice of u. The elements on both sides of the brackets lie in the Borel
subgroup B. Since s T , the expression in the bracket is in T. This
implies
 t , u  1. 32Ž .
Ž .Since t is a regular element, 32 implies u 1. The same arguments show
   that   1. Thus g wt. But the equality t, w  s t, wt impliesc
Žw w because we assume that G is simply connected and g is a regularc
.element of T .
Theorem 1 has been proved.
Ž . Ž .nThe proof of Lemma 9 shows that dim Im d   dim G if n h iny n
the generic point y. Thus, if n h, then the map  is always a separatedn
morphism. Now let n h	 1. We can consider the map  : G h	2Gh,y
which is constructed in the same way as the corresponding map in the
proof of Lemma 9, changing h to h	 1. From the definition, we have an
Ž .equality of ranks of the differentials of  at the point 1, . . . , 1 and y h	1
Ž .at the generic point y. The formula  in that lemma shows that this rank
Ž .h	1cannot be dim G if the center of the Lie algebra is not trivial.
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